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1 Majumdar-Ghosh Model

1.1 Clebsch-Gordan Preliminaries

Setup: 1-dimensional spin-1/2 D(1/2) chain. The Hamiltonian is given for a real parameter J € R:

(1.1)

We recall a useful fact from the Heisenberg interaction (see Quantum Spin Systems: Proving things to

myself (Chap. 10) ). Note that we define spin matrices S¢ by taking a representation 7 of the Lie algebra

suy and scaling the standard Pauli matrices o, 02, 03:

1 . .
m (20”) =5, 1=1,2,3

This tells us that the Heisenberg interaction §j . §j+1 can be expressed as

1, 1, 1

where T ;11 denotes the transposition operator on sites 7,5 + 1: T j4+1(u ® v) = v @ u. It is worth pausing
to note something about this interaction: Clebsch-Gordan decomposition of two neighboring spin-1/2 sites
C? ® C? has

D2 g p/2) = p) g O (: Sym(C2 ® C2) @ Alt(C? @ (C2)>
i.e. D) = Sym(C?®C?) consists of symmetric vectors {|11) % (114 + 141)) 5 |4} and D© = Alt(C2@C?)
consists of the singlet vector, the antisymmetric ¢ = % (|T¢) — |¢T>). Observe that the transposition

operator T is block-diagonalized by the decomposition D™ & DO and if we let P() be the orthogonal
projection on D) and P for D)

T|p© = T|an(czecz) = —P®
T|pey = Tlsym(czecz) = PY

So we can block-diagonalize the Heisenberg interaction on D™ @& D(©) so that

1
hjger =7 (275511 — 1)

_ i (2(p<1> _p0y_ (P ¢ P(O)))
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Can we do somthing similar for the Majumdar-Ghosh Hamiltonian? We consider the Clebsch-Gordan
decomposition:

D1/2) g D1/2) g p(1/2) ~ p1/2) (Du) o D<o>)

o~ (D<1/2> ® D(l)) @ <D<1/2>)
~ pB/2) ¢ p1/2) ¢ p(1/2)

Let’s think a bit about this decomposition and find bases for these subspaces in terms of tensor products
of [1),]J) (which are eigenspaces of the spin operator J; = diag(3/2,1/2,—1/2,—3/2) which counts total
spin, and the lowering operator J_ allows us to move within these eigenspaces). We opt to not normalize.

Spin-3/2 D2 {[111), 1) + 1) + 1), 1) + ) + [41) . WD)}
Spin-1/2 DU/ {[11d) = 21041) + [1A1), — D) + 2[4 — [140)} (1.3)
Spin-1/2" D'V - {|1) — [111), [14) — [L)}

1.2 Transposition operators: the key to MG
1.2.1 Transposition operators on D(1/2) @ D(1/2) @ D(1/2) >~ D(/2) gy p(1/2) gy D(1/2)

We now study how the transposition operators act on these spaces by studying their action on the bases
(1.3). Here are the most important findings, in short:

in- (3/2) ... — L — o —

Spin-3/2 D7 Ty g |, = 1 Ty+1,a+2‘D(3/2) =L Tjt2| o, =
Spin-1/2 DY Tyt + Tji e + Tj,j+2’D(1/2) =0 (1.4)

: ) 2) .
Spin-1/2" D'/2 Ty oy + Tygn o + T e D =
Taken together, this means that
3/2

3P/ jea = Tijer + Tigngea + Thjeo (1.5)

We will compute this in a moment. But note that while transposition operators are block-diagonal with
respect to DG/2) @ (V) where V = D(/2) g DU/2) they do not respect the decomposition D1/2) ¢ D(1/2).
for instance, see that T} ;1 (|114) — [L11)) = [11) — [141) ¢ DU/2. Only their sum does. Let’s compute to
see this, choosing to look at the Hilbert space of 3 adjacent spins labeled 1,23 (so j =1,j+1=2,j+2 = 3)

The spin-3/2 subspace DEG/2) Tt is clear just by looking at these basis elements that on this space, transpo-
sition operators act as the identity due to symmetry.

The spin-1/2 subspace D(*/?). On the first basis element:

(Tr2 + Toz + Tis) (1114) — 2[141) + [111))
= ) — 2141 + [114)
+ 1) =2 (1) + 1)
+ [ = 2[00 + 11
=0

and the other element is basically the same, after flipping all the spins.



The spin-1/2" subspace D'(1/2). On the first basis element:
(Ty2 + T3+ Ths) (I11L) — [411))

= ML) - [141)
+ 1) = )
+ ) — [11)
=0

and the other element is basically the same, after flipping all the spins.

Altogether, this will show us that the Majumdar-Ghosh hamiltonian is a sum of projectors onto spin-3/2
subspaces, after subtracting a scalar multiple of the identity to make the the ground state energy zero and
noting the role of boundary terms. To see why, we do a quick computation using (1.2) to relate spin matrices
and transposition operators

- - - 1
51'52+51'53+S2'S3:Z(2T1727]1+2T1737]1+2T273711)

1 3
=52+ Tz +T23) — 1 (1.6)
3 2 3
(15) =3Py -t

Plugging this into a small example chain, say N = 5, we can use (1.1) and ignore the J scalar out front
and compute:

—

H 5_';- S+ ,S_"j . §j+2

—

- S, +Sl SS+2SQ Sg-‘rSg S4+2Sg S4+Sg 55
5 (51~52+51~53+SQ~‘93)+(52'53+52~S4+§3~§4)+(§3~§4+§3'§5+§4~§5>75'4'55

Il
8-

L 3, 3, 3 L
(1.6) :51-52+<2P1(2/ L Pg?;,/? 1 P§34/§>—411)—S4-S5
3/2 3
=5 -8 —8,- 5""2(2 J(j{‘rl)JJrQ 4]1>
j=1

Thus, our Hamiltonian for finite chains is
N-2
Hyny= > 2541+ 8; - Sjya
=t (1.7)

5 & (3/2 3
=5 -8 —Sy_1- SN+Z(2 P2 e 4]1)

We can adjust the ground state energy to be zero and make this Hamiltonian nonnegative definite by
translating the spectrum up by adding 4]l factors to each term in the sum:

N—
~ 3
Hi1 ny = (boundary terms) + 3 Z Pﬁfi]ﬂ
J

Punchline: We can study the Majumdar-Ghosh Hamiltonian by studying H , which amounts to studying
sums of Pj(gj’ff 2

Note: Since the transposition operator T; ; commutes with on-site representations of GL(n), it commutes
with operators Ry ® - -- ® Ry, i.e. if R; € GL(n) a representation of an element g € G, [T7,2, Ry ® Ry] = 0.

In particular O(n), this model has O(n) symmetry.



1.2.2 Casimir: Another way to see MG as a sum of spin-3/2 projectors

For greater understanding, we consider a more Lie-algebraic view of the Majumdar-Ghosh Hamiltonian. The
result will be exactly the same as in the section on transposition operators (1.2). Again, for readability, let’s
do everything on three sites j = 1,5 +1 = 2,7 4+ 2 = 3, but it works more generally.

First, recall from Clebsch-Gordan theory (see AKLT notes) that the quadratic Casimir S? on an irre-
ducible spin-s representation D(*) commutes with the generators of the Lie Algebra and so by Schur (and
some commutator shenanigans):

82 _ (51)2 + (82)2 + (83)2

=s(s+1)1 (18)

We will now compute the Casimir C' in two ways, inspired by a useful expression in Caspers, Emmett,
Magnus 1984. Recall to perform this computation that spins at different sites commute: [Si('), SJ(»')] =0 for
i # 7, and don’t forget the notation, e.g. S3 =1 ® 1 ® S, so the generators of the spin-1/2 tensor product
representation on 3 sites are the sums S7+ 55 + S5 =5"@1@1+151+101® 5"

C:= (S} + S5 +53)*+ (S + 55 +52)* + (S? 4+ 55 + 83)?
:S%+S§+S§+2§1'§2+2§2'§3+2§1'§3

(%) = z]l + g]l + z]l + 2<§1 . §2 + gg . §3 + 51 . 53) (1.9)
9 T,
211-1-2(51'524-52'534-51'53)

where (%) holds since S? is the Casimir element for the irreducible representation D(1/2) " and we apply it
using (1.8) to individual tensor factors, e.g.
= L +1)1
2 2

Note before proceeding to the second computation that the final term §1 . §2 + gg . §3 + gl . 53 is the term
we computed before and saw was the spin-3/2 projector.

Now, to the other computation, which recognizes C as the Casimir operator on the full spin-1/2 tensor
product representation on three sites D1/2) @ D(1/2) @ D(/2) and then applies (1.8) to each irreducible
subrepresentation from Clebsch-Gordan in D/2) ¢ D(1/2) g p'(1/2).

3 /3 1/1 1/1
2241\ pG2) L 2 (211 W/ L Z [ 241 pr(1/2)
C 5 (2 + ) + 5\ 3 + + 5\ 3 +

_ Bpep  3pam  3pam (1.10)
4 1 1

S2=1081l=1® ®1

_Lpepe 3y

4 4
Now, we can combine (1.9) and (1.10):

9 = = =2 = o o 12 3
1]l+2(51'52+52'53+51'53):ZP(3/2)+Z]I

and do a bit of algebra to obtain:
G .58 18 .6.46 .5 _3pem2_3
Sl'SQ+S2'S3—|—Sl'Sg=§P —Z]l

1.3 Ground states for chains of length 3 and 4

Now, as a step to uncovering the ground states of the Majumdar-Ghosh Hamiltonian, we focus our attention
to this decomposition, which will allow us to show frustration-freeness (CHECK THIS)


https://iopscience.iop.org/article/10.1088/0305-4470/17/13/020/pdf
https://iopscience.iop.org/article/10.1088/0305-4470/17/13/020/pdf

1.3.1 Ground states of 3-site chain
We will show that the 3-site chain Hamiltonian (after ignoring boundary terms, so just Pj(,?;’fl), j+2) has a
4-dimensional kernel. We begin by observing the following decomposition, hinted at earlier:

DW/2) & p/2) g p(1/2) =~ p(1/2) & (DM @ D(O)) i~ (D(l) @ D(O)) ® D1/2)
o~ <D<1/2> ® D(l)) o <D<1/2> ®D<0))

~ (Du) ® D(1/2>) o (D(o> ® D<1/2>>

We will find that the
In the decomposition D1/ @ D(1/2) =~ D) ¢ D) we refer to the symmetric elements of D) as triplets
and the antisymmetric element of D) as a singlet. Let ¢ denote the singlet, eg ¢ = % (|T¢) — |J,T>) €

D©) Consider the action of the projector j(i’/fl) j+2 on the subspace contained within three adjacent sites

C2@ DO c D/ g (D<1> @ D<°>):

3Pj(3{i-21),j+2 (11 ® @) = (T i1+ Tjjsz + Tipr,542) (1) © @)

1
= E(Tj,j-&-l + Tjjr2 + Tirrj42) (11 — [1D)
1 1
=75 (M) + [L11) + 1) — 7 (L) + [T + [11)
=0
SPJ(,?;fl),j+2 (1) ®¢) = (Tjjr1+ Tjjee+ Tivr542) (1) © @)
—0

So, P;jffdw is 0 on C2® D, and we can similarly show that Pj(,?}fl),j-&-Q is 0 on D @ C2. Taken together,

this means that 3/2
span [{CQ ®otU{o® CQ}} C ker(P}/2) 1)

But in fact, the set on the left is 4-dimensional, which can be seen by looking at explicit bases and noting
that all constituent vectors are mutually orthogonal:

span{C? ® ¢} = span{[t1}) — [1}1), [L1)) — [0}
span{¢ ® C?} = span{[t}1) — [J11), [T) — 111}

and since ker Pj.(f;/fl)J+2 >~ DU/2) @ D(1/2) | the kernel is 4-dimensional as well. Thus,

ker(P%/?) .. ,) = span |{C2 @ ¢} U {¢ ® C?} (1.11)

So the Hamiltonian for the chain of length 3 (ignoring boundary terms) has a 4-dimensional kernel.

1.3.2 Ground states of 4-site chain

Now, we will show that the 4-site chain Hamiltonian P1(32/ :2,)) + P2(33/ Z) has a 5-dimensional kernel, spanned by

¢ ® ¢ and C?® ¢ ® C2.



V2 (3P +3PD) (00 6) = VA(T12 + T + 2T + T + T.0)(6 2 0)

= (Tia +Tis + 2Tos + Toa + Toa) (11D — 1) — [111) + [1101)
= UM = L) — ) + 1)

+ [RIRL) — ) — L) + 1)
+2 (1) — AT — 1) + [H11))

R = W) — D) + [11)

PR — R — L) + 111
=0

Now for the 4-dimensional one: (NEED TO VERIFY, BUT PRELIMINARY COMPUTATIONS SUG-
GEST IT WORKS)

(3PY3 +3PYD) (C20 60 C) = (Tip + Tis + 2Ta5 + o + Ta)(C* @ 6 @ C?)

1.4 Ground states of k-sites: Frustration freeness

We will now use frustration-freeness to prove that for a chain with k-sites, the Hamiltonian has a 4-

dimensional kernel for odd k£ and a 5-dimensional kernel for even k. Recall that since P](?j’/f% j+2 1s a positive

semidefinite operator, and so is pe/2 5 ® 1, we have that

J3J+15+
N-—-2 N-—-2
(3/2) _ ﬂ (3/2)
ker | > P o) = () ker(P s4s)
=1 j=1

So we can study the ground states of the full chain by studying

1.5 Dimerization: example in a chain of length 4

The signature of dimerization is the expectation of the projection operator Pj(’%_l, which detects singlets on
neighboring sites, which is sensible since we can decompose as following:

C?eC?eC?eC?e2C?w (D(l) @D(O)) ® C2

There will be two weak-* limits of ground states, and this expectation will be different between the two.
Consider for sake of example the chain of length 4, with sites labeled —1,0,1,2. As we described before,
there are 5 ground state vectors

ker H|_; 9] = span [{(j) RPIU{CPRo® Cz}}
We can pictorially see that the two ground states will correspond to ¢ ® ¢ and {C? ® ¢ @ C?}, with the only
reason for their dimensional difference being the open boundary conditions: bonds correspond to singlets ¢,

and unconnected sites to copies of C2. If we use [i,7 + 1] to denote a singlet bond between sites 7,4 + 1,
First, ¢ ® ¢ = [—1,0][1, 2]:

Now, C2®@¢®C?=C?®[0,1] ® C%



We wish to compute the expectations of Pé ) for any state in these subspaces. We choose this observable

because P below, is the rank-1 projector on the singlet ¢:

PO = 1 (110 — 1) (1] = ()
(L) R = 1) (] = 1) (4 141 (4

(1.12)

L\D\»—l[\:

and so Péf)l) detects a singlet bond between sites 0 and 1.

Towards calculating the expectation, let’s decompose the Hilbert space into H = H_1 ® Ho,1) ® H2 and
compute reduced density matrices restricted to the subsystem on sites {0, 1} for these two pure states p and
o, corresponding respectively to the unit vectors ¢ ® ¢ and |a) ® ¢ @ |B8) € C? @ ¢ @ C:

o) = Tri—1yuqey (10) @ |9)) ({0 ® (9])
> Wmmmi@m—mkﬂm—mﬂﬁm%mMﬂm—mwﬁ@h@ﬁ

i,7e{T{}

—1(we-m we-w )+ 3(wem wea)
r1(Eme-m-ae-ol ) +3( meml - e )

= 7 (L) LT 1199 (U1 + 1) (041 + 1) (1))
i (0 A+ 1D S+ 1) T+ D (W)
(1.13)
And now for o (which depends on a, 3 € C?, but these will wash out in the partial trace)
o) = Tri—13ug2y @) (a @ [¢) (¢] @ |B) (A (1.14)

= |9) (¢l
Now that we have the reduced density matrices, we can compute expectations in these ground states:

0)

(0@, o ® 0) = TepRy)
= Trpj 1) P

(L13) = i (611 PO 1) + (U PO ) + (Wt PO L) + (W PO L))

0+ +540
2 2

(awo@B P8 ow8) = TR
= T‘I‘O’[Oyl]P(O)

=Tr|e) (9] #) (4]
=1

(1.12)

1

4

) (1.15)
1

This is really where we see dimerization—this “singlet detecting” observable.

1.6 Proving there are exactly two ground states for thermodynamic limit

We found the ground states for even and odd chain lengths, so now we will take limits to populate the weak-*
limits



1.6.1 Correlation functions and the Thermodynamic Limit

We wish to pin down the ground states in the thermodynamic limit. Since any ground state is uniquely
determined by its value on the algebra of local observables, we will take limits as ground states from above
get arbitrarily long for fixed local observables. (note: Bruno says that in this model, all ground states arise
as weak-* limits of finite chain ground states. You may wonder whether there are infinite volume ground
states that don’t arise in this way—Bruno says it varies from case to case, with some easier than others. The
formal definition of a state is a bit clumsy. Look at Naaijken’s ”Infinite lattices quantum spin systems” for
GNS representations, which should address the core issue)

Before proceeding, note that the product structure makes two point correlations between observables at
sites 7, j on the bases for ground states trivial any time ¢ and j are not nearest neighbors (if they are, then it
depends on whether they share a bond. Sharing a bond will generally lead to correlation). For instance, if
we let A, € Mo(C) and consider ) = a® ¢ € span(C?®¢), a ground state for the chain [1, 3], the correlation
between sites 1 and 3 is 0:

Rizg= WA @1®A3]Y) — (| A1 @1@1[Y) (Y11 Az )
(06| A @ 1@ A |0 @) — (o] Ay o) (9] 1@ As |6)
= (a] A1 |a) (4|1 ® A3z |p) — (a| A1 |a) (9| 1 ® Az [¢)
—0

But this is not the case if we take linear combinations of these ground states—we get cross terms that
introduce correlations between the ends of the chain. It will turn out that these correlations decay expo-
nentially fast, leaving only two infinite volume ground states: the one as a product of singlets between sites
i,7 4 1 for ¢ odd, and the one with products of singlets between ¢,7 + 1 for ¢ even.

We can get a sufficient picture just by looking at odd chains.

1.6.2 0Odd length chains

The general odd-n length chain ground state is ¢ = a |a ® ¢®(2l+"+2”_1>+b ’¢®(2l+”+27")_1 ® ,8>, where

o, B € C2 are unit vectors and a,b € C with|a|* 4|b|* = 1. Then if we consider the observable
A=1"04 @ - ®4,21%, A €M(C)

we can quickly compute the expectation in the state |¢):

(] A 1) :|a|2 <a ® ¢®(2l+n+2r)—1‘ 1294, @ -0 A, @12

a® ¢®(21+n+2r)—1>
¢®(2l+n+2r)—1 ® 5>
a® ¢®(21+n+2r)71>
+|b\2 <¢®(2l+n+2r)—1 ® 5‘ 1204, ® @ A, @12 |p@@+n+2r)-1 ®ﬂ>
a® ¢®(21+n+2r)—1>
$®CHn+2)-1 o 5>
(FIXME —INDEXING) +|a|2 <¢®(2l+n+2r)—1 ® 5‘ 194,004,217 |la® ¢®(2l+n+2r)_1>

¢®(2l+n+27‘) -1 ® ﬁ>

+ab <a ® ¢®<2l+"+2r>—1) 12@A4, 0 ®A, ®12"

+ab <¢®(2l+n+2r)71 ® ﬂ’ 12940 0A, @12

— <O[ ® ¢®(2l+n+2r)—1‘ ]12l ® Al ®-® An ® ]12r

+ <a ® ¢®(2l+n+2r)71’ 1294 oA, @12

Let’s restrict our attention to the special observable A; ®---® A, = 1®", so we're just taking inner products.
Moving from this observable to the others will be easy once we understand the correlation structure. The key



difficulty is the cross terms between o and S—the first and last terms are product states, and so expectations
of local observables can be computed exactly. The cross terms will decay exponentially, and the product
states will survive, yielding our result.

First, a fundamental computation for chains of length 3. Let ¢ = a|la® ¢) + b|p ® B), a,b € C with
la] +]b] = 1. Mimicking the above expression and splitting the inner product,

W[ 1Y) =la]* (@ ® ¢|1]a® ¢)
+ab{op®B|1|a® @)
+abla®e|1]o® p)
+pP (¢ Bl1]6® p)

The first and last terms split into products—this makes computing expectations of arbitrary observables
puresl

(1.16)

Lemma 1.1.

1
~5 {al)

Applying this to the reduced density matrix for either ground state, we see that they are orthogonal for
any finite length! See Naaijkens to understand GNS stuff better

(a® glp® B) =
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