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Representation Theory of VQAs
●Symmetric ansätze appear in quantum machine learning, problem-aware 

ansätzes (eg. QAOA).
●The Lie group of allowed unitaries in a VQA is a subgroup of the unitary 

group, the Dynamical Lie Group 𝐺.
●By taking the tangent space at the identity, we find the Dynamical Lie 

Algebra 𝔤 (DLA).
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Barren Plateaus (the Rigorous Way)

●The exponential decay of the variance (under uniform initialization or 
Haar measure) of an observable’s expectation value with system size:

● Strongly limits the usefulness of certain ansatzes.
●We need to compute a second-moment integral under a group’s Haar 

measure:

● Easy for classical Lie groups (Schur-Weyl and variants), essentially 
impossible with arbitrary Lie groups.



Conjecture

●Observationally true, and in some cases analytically.
●No clear indication of why it should hold – where is the DLA coming 

from?

 

Diagnosing barren plateaus with tools from quantum 
optimal control, Larocca et al. (2022).



Proof of Conjecture

●Key realization: all examples had an observable (or state) that was also 
in the DLA. We call this a Lie Algebra Supported Ansatz (LASA).

●We need to look at an object, constructed from the DLA, invariant under 
the second moment integral. Only choice is the quadratic Casimir:

Lemma
The second moment of an operator in the Lie 
algebra over the Haar measure of a Lie group is 



Main Theorems

●Define the g-purity         (ie. purity on DLA subspace).
●Define the Killing norm       as the Frobenius norm in the 

adjoint representation.

● Can be extended to general compact Lie groups (so any dynamical Lie 
group of a circuit): sum of contributions from subalgebras/ideals.

Theorem (Simple group, cost 
variance)

Theorem (Simple group, gradient 
variance)



Theory in Practice: Quantum Compound Layers

●Quantum compound layers or orthogonal layers are composed by 
fermionic beam splitter (FBS) or reconfigurable beam splitter (RBS) 
gates. They represent the orthogonal group (alternating rep).

●We find that compound layers do not have BPs (for LASA).
●Excellent agreement with numerics.
●Convergence to Haar is fast in practice.

[Images] Classical and quantum algorithms for orthogonal 
neural networks, Kerenidis, Landman, Mathur (2021).
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A “Unified” Theory of Barren Plateaus

𝔤-purity of input state 𝝆 and 
measurement observable 𝑂Dynamical Lie algebra 𝔤

The theorem (for simple 𝔤):* 

How can we see existing knowledge of barren plateaus here? 
Let’s first revisit 𝔤-purity.

*when either 𝝆 or 𝑂 in i𝔤



Another Way to Think About 𝔤-purity

Let 𝔤 ⊆ 𝔰𝔲(2n) any subalgebra with orthonormal basis {Bj}, 1≤ j ≤ dim(𝔤). 

Equivalent definition of 𝔤-purity of Hermitian operator H :

where H𝔤 is the projection of H onto the vector space 𝔤. 



Circuit Expressivity (or, no-free-lunch for trainability)

Barren Plateaus in Quantum Neural Networks, McClean 
et al, (2018)

Original insight: when U(𝛉) a 2-design (so 𝔤 is 𝔲
(2n) ), we have a barren plateau for any 𝝆, 𝑂

Highly expressive circuit

=

Large dim(𝔤)

Small variance

=

Lie unification:



Entanglement of Input State 𝜌
Original insight: highly entangled input states lead 
to barren plateaus

Highly entangled 𝝆

=

Small 𝔤-purity

Small variance

=

Lie unification:

pure highest weight state 𝝆 = maximal 𝔤-purity Entanglement-Induced Barren Plateaus, Marrero et al 
(2021)



Global Measurement Observables 𝑂
Original insight: global measurements lead to 
barren plateaus

Global measurement 𝑂

=

Small 𝔤-purity

Small variance

=

Lie unification:

𝑂 overlaps more with DLA = larger 𝔤-purity Cost function dependent barren plateaus in shallow 
parameterized quantum circuits, Cerezo et al (2021)



Noise-Induced Barren Plateaus
Original insight: state preparation and measurement 
(SPAM) and depolarizing noise cause barren plateaus

Noise affects 𝝆, 𝑂

=

Small 𝔤-purity

Small variance

=

Lie unification:

Unlike purity, local qubit unitary noise can change 
𝔤-purity ⇒ “algebraic decoherence” Noise-Induced Barren Plateaus in Variational Quantum 

Algorithms Wang 2021



Open questions

● So far: every trainable model we know is also classically simulable!
○ e.g. matchgate circuits grow quadratically (orthogonal group), so trainable, but 

also classically simulable [1]

● Are there interesting dynamical Lie algebras in between quadratic 
and exponential scaling? [2]

● Relaxing the 𝝆 or 𝑂 in i𝔤 condition? [1]

● Shallow depth circuits and mixing time?

[1] Showcasing a Barren Plateau Theory Beyond Dynamical Lie Algebras, Diaz et al (2023)
[2] Classification of dynamical Lie algebras for translation-invariant 2-local spin systems in one dimension Wiersema et al 
(2023)


